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Reduction of a system to a one DOF system

Example 1
Rigid floor
\i ‘ Rigid floor
I

‘ i‘ 1, Flexible columns K X

\ \ .

“. \‘l Ground motion \

= <~

Flexible columns
Ground motion

Reduction of a system to a one DOF system

Example 2:

Rigid stator + rotor
Rigid stator

Rigid rotor
I 3 m I(unbalanced)

. t Flexible mounts =S k
|, — Flexible mounts ;l

Rigid rotor
(unbalanced)
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Reduction of a system to a one DOF system

Example 3:

Rigid car
Rigid car -

Flexible suspensions

1] !

—> § k
Flexible suspensions = Road

irregularities

——

o Road irregularities
Rigid wheels

Reduction of a system to a one DOF system

Example 4:

Rigid structure

Rigid structure

AR AP K 2R

—p }-’V\rm

Flexible foundations r

Waves excitation

o - . © - .. Flexible foundations

Offshore platform
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HARMONIC MOTION

https://www.youtube.com/watch?v=gZ KnZHCn4M 8



https://www.youtube.com/watch?v=gZ_KnZHCn4M
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Harmonic signals

A periodic vibration of which the amplitude can be described
by a sinusoidal function:

u(t) = a cos(wt + ¢)
u(t) = asin(wt + ¢)

is called an harmonic vibration
with:
«amplitude a
«angular frequency w = 27 f
frequency f
eperiod T=1/f or f=1/T
.phase angle ¢ at t=0
«fotal phase angle wt + ¢

Harmonic signals

Representation in the complex plane:
u(t) = ae!@ite)

= acos(wt + @) + iasin(wt + @)

ut) = ae'®et = Ae™!
A = acos¢+iasing

\

Independent of time

Projection of the rotating vector on the real axis is a cosine

Projection of the rotating vector on the imaginary axis is a sine 10
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Harmonic signals

Im utt)
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the phase angle of u(t) is 90° behind v(t)

the phase angle of v(t) is 90° behind alt) 1
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Harmonic signals
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©2007 YveL Pelletier (hitp:/fiweb.ncf.calch865)
https://youtu.be/eeYRKW8V7Vg 12
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https://youtu.be/eeYRkW8V7Vg
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UNDAMPED
VIBRATIONS OF A ONE
DOF SYSTEM

Equation of motion

e Spring force: —kx

Newton’s law: e External force f acting on the mass.

mj:ZFI—> mi + kx = f

f 14
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Equation of motion

What about the effect of gravity ?

m m

The displacement x is defined with respect to the equilibrium position of the
mass subjected to gravity. The effect of gravity should therefore not be taken into

account in the equation of motion of the system.
15

15

Free vibrations

mi+kxr=20 r=Ae"t

Characteristic equation:

mr? 4+ k=0 r=+tivk/m

x = Acoswnt + Bsinw,t wn = Vk/m

In the absence of external excitation force, the motion is oscillatory. The
natural angular frequency o, is defined by the values of kand m
«The motion is initialized by imposing initial conditions on the displacement

and the velocity
16
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Free vibrations

17

displacement xq velocity g

To .
z(t) = zp coswyt + — sinw,t

17

Free vibrations

18

To .
x(t) = xp coswpt + — sinwyt

Alternative representation:

z(t) = acos (wpt + @)

Ty = acos ¢ T

Zo/wn = —asin g W Lo

The motion can be described by a cosine function with a
phase. The phase is a function of the initial conditions.

18
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Harmonic excitation

f(t) = F et z(t) = X et
mi + kxr =

F
X =
k—w?m
19
19
Harmonic excitation
T = F/k (w=0)
k—w?m wn =V k/m
X 1 e Positive if w < w,,
Xo 1-w?/w? e Infinite if w = w,,
e Negative if w > w,
20
20
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Harmonic excitation

Xx_
Xo 1—-w?/w?

: ¢=0°

. o WWWWIUW

X%, \/

RESONANCE

11
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Breaking a glass of wine with sound

jaimevendera.con

https://www.youtube.com/watch?v=10IWpHyNOOk 23

23

Breaking a glass of wine with sound

https://www.youtube.com/watch?v=JiM6AtNLXX4

24
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https://www.youtube.com/watch?v=10lWpHyN0Ok
https://www.youtube.com/watch?v=JiM6AtNLXX4
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|s stiffer stronger ?

https://youtu.be/n9ULMIjvSIg 25

25

|s stiffer stronger ?

26

https://youtu.be/LV_UuzEznHs

26
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https://youtu.be/n9ULMIjvSIg
https://youtu.be/LV_UuzEznHs
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Buildings resonance

27
https://youtu.be/pMriMzSv044

27

DAMPED VIBRATIONS
OF A ONE DOF SYSTEM

14


https://youtu.be/pMr1MzSv044
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Effect of damping on a building

https://youtu.be/HWpkalB1fDO 29

Equation of motion

Damping force: Fj, = viscous damping

mi+ bt +kx=f

15


https://youtu.be/HWpkaIB1fD0
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Free vibrations

mi+ bt +kx=f ¢ b
) N damping coefficient

i+ 26wnd +wiz = f/m

i+ 26wnd +wie =0 General solution = Ae™

Characteristic equation:
r? 4 2w,r + w2 =0 £E<1

| wa = wnv/1 =€

7= —fwy TiwnV1 —E2 = —€w, +iwg 21

31

Free vibrations

x(t) = e 5 (A coswat + B sinwgt)

Initial conditions: displacement xq  velocity

Wq

- .
x(t) = e Swnt (:1:0 coswgt + %o+ wnbTo sin wdt)

32

32
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Free vibrations

&=0 £=0.01
X 4 %
BT -t Free response to unit
t t initial displacement
| £=0.05 : £=0.1
) 20 40 60 80 100 120 140 t 23
33
Free vibrations
10°
n
10'F
0
10 : 4
10° £ 102 10"

Number of oscillations after which the vibration amplitude is reduced by one half
34

34
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Free vibrations

£>1  xt) = e twnt (mo cosh put + Zo ¥ Wk sinh ,ut)
p

H=Wny £ -1
=1 a(t)=e " ((Zo+wnza)t+T0)  Critical damping
. £=100
0.8F
w5l e Critical damping
04f §=1
0.2+
X o - - = o
02F \/ t(S)
04}
06}
08 £=0.1 35
35
Impulse response
r N
F Impulse=FAt
At t
At At
mxo|ar = FAL — / xdt — / Tdt
0 0
Tolar = F_At Equivalent to initial velocity af At
m
36
36
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Impulse response

37

For an initial velocity, the response of the system is:

e —Ewnt :li[]

x(t) = B sin(wqt)
Y A
with g = ——
m

For a unitimpulse FAt =1 ,we define the impulse response A(t)

1

, e—{-’wnt
t) = in(wyt :
()= < sin(uat) | -

wp = 1,6 =0.01

h(t)

0

05

-1 37
0 100 200 300 400 500

t

Harmonic excitation

38

i+ 2w+ wiz = f/m

x(t) = X et
[(t) = Fet

(w2 4 2itww, —w?)X = F/m

F 1 F 1
X: —_— - = — 5
m \w? + 2iww, —w? k\1— 2 +2ige

1
o T "

19
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Harmonic excitation

L=
Xr = Xo o\ 2 - 2
(1-2) +(22)

Qg W

X; =Xy gw"

w? 39

39

Harmonic excitation

Maximum w/w, = /1 — 2£2

IXIX,| For £ small

wiw, = 1

2 —
10 L L L L L . N L L _
0 05 1 15 2 25 3 35 4 45 5 IX/XO I
T T T T T T T T

40
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Harmonic excitation

Displacement u(t) = Ae™
du(t) . A
Velocity u(t) = % = iwAe™ =liwh(t)
dv(t) B

Acceleration  a(t) = —w? At = Lw?u(t)

dt

10" Acceleration

Displacement

41

DYNAMIC RESPONSE
OF ROTATING
MACHINES
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Rotating maching excitation

F = m,ew?sin(wt)
Rotor i F=m,e$2sin(mt) (rotor)
Stato\i ' X Stator+rotor —» m

S ot Flexible mounts —» k b
l— exible mounts

43

v _ Myew? 1 mX w? 1
k —3—g+2@'§ﬁ mee w2 1—%+2i§i

ImX/me|
0’ b

44
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DYNAMIC RESPONSE
T0 BASE EXCITATION

I, =T —Xp

ma, + bx, + kx, = —may

46

Excitation

46

23
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Harmonic response

https://youtu.be/ctKwnTfNhog 47

47
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https://youtu.be/cfKwnTfNhog

