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Principle of virtual work

Static equilibrium

N
Zﬁi'EiZU Ri=F,+F,
i=1 _\
The virtual Applied forces Reaction forces
work of the

constraint foSa
forces is zero

for any virtual
displacement

Z F;-dz; =0 Virtual work of external forces is zero

D’ALEMBERT AND
HAMILTON’s
PRINCIPLES




CDM - VIB - Lagrange equations

D’Alembert’s principle

Extension to dynamics
N

i=1

If time does not appear explicitely in the constraints  §z; = &.dt

D’Alembert’s principle

If external forces can be expressed as the gradient of a potential V
N
> Fi 0w =—dV
i=1
The second terms is the differential of the kinetic energy T :
d {1
i ddt = — | S idi- @ | dt =dT

Law of conservation of total energy:

d(T+V)=0 ——| T+V=C=Cst
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Hamilton’s principle

D’'Alembert’s principle cannot be formulated in general coordinates

Virtual work of applied external forces

N
- - SW =>"F; bz,

i=1
™~ FooSw = o (R 0n0) — by (5 )

N N
— iFi - Oy = i (& 0x;) — 6T
;mm x ;m dt(ac z;)

N
oW + 0T = Zm,t%(i - ;)
i=1

Hamilton’s principle

N
W 4+ 0T = Zm@%(i - ;)
i=1

Integration over a time interval [t1,f2] with  &z;(t1) = dz;(t2) =0

ta
—/ (6W + §T) dt = 0 W =~V + 6 Wy,
ty

/ \

Forces deriving

from a po’ren’riol Non-conservative forces

ta
—»/ (0L + dWye)dt =0 L=T-V Lagrangian

ty
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Example of Lagrangian

1, 1

_ 4 _ L 242
T—vam 2m£9

V = —mgy = —mgl cos 8

1 .
L=T-V = Eml292+mglcost9

LAGRANGE’s
EQUATIONS
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Lagrange’s equations

Hamilton’s principle

ta
/ (6L +6W,o)dt = 0 L=T-V
ty

Generalized coordinates

_ _ — 0T, 0z,
Ti; =Ti(q1y -y Qnit V:E ]
i zj(\:h dn ) €; . Dar qr + ot
]- - - . -
- 5 E Mg Iy - Ty :T(q11~":q7’uqla"'aq7l;t) V:V(ql?!qn!t)
i=1

Wae = STt = 32 3 e = 3 Qusa

33:1
— Q. =N"F,
" Z 8% 11

11

Lagrange’s equations

. oL oL
/tl [Z (8—5% + 6—5%) + zk:QkCSQk] dt =0

k

OLs. _d (0L, \ d[OL)
B Tt \9ge ") T ar \ 9, ) O

Y {—5%} ftz Z L‘fﬁ (8_L) JoL Qk] dqedt =0

. Adx. Oqy.

oL + Zchqu] dt =0
k

12

12
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Lagrange’s equations

or 1" t2 d (0L oL ]
“ZSqn| - — (=) = 2= = Q| dqedt =0
; [SQk Qk] [v_l ; ldt (8%) ar Q| oqx

t

g1, (t) = dq;,(ta) = 0

Lagrange’s equations

d { OL oL
J— —_— —_——_— = k — 1 e
dt (8qk) 8qk Qk rett

13

13

Lagrange’s equations - examples

o 1 .
gl L=T-V = Emlzf?Q—i—mglcosﬁ
8_]_? = mi?0
oL .
50 = —mgl sin #

afoLy o,
dt \ Odx oq. "

——— | mi*6 +mglsind =0

14

14
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Lagrange’s equations - examples

Pendulum with a sliding mass

(a) (b)

1 ) )

0 0 T=-m(q*+qd?)

q1 2

@i V = —mgq cos ¢z + ~kq;
m 2
“ a
1. , 1

L=T-V=gm(q’+4qig") +mgq cosg — Sk

15

15

Lagrange’s equations - examples

1 . . 1
L=T-V= 3 (¢1° + g1 G27) + mygqr cos g2 — Ekqf

1 ——— mdy — mqiga® — mgcosqga + kg =0

d . .
2 —— — (maig2) + mgqisingo = 0 g

16

16
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Lagrange’s equations with constraints

Consider ngeneralized coordinates which are not independent

Constraint equations

Z aogr =0 I=1,....m ——— n-mdegrees of freedom

Adx. Oqy.

oL OL
[l [ [ ()& o]
k
/i’ dqr; ~ Notindependent ——— Lagrange multipliers

d (0L oL
()2

17

17

Lagrange’s equations with constraints

Lagrange multipliers

i/\l (ij alkéqk\ > (Z )\la”c) =0

=1 k=1 k=1

ta T

4 (0L 0L
Z 7 (8_%) ___Qk—z)\lalk] dqrdt =0

tr p—1 | =1

d (0L oL
— | 5 _Qk—l—z)\zazk k=1,...,n
dt \ Oqy qu —]

\

Generalized contraint forces

18

18
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Lagrange’s equations with constraints

n+munknowns iy Al

n+mequations

d (0L oL “
i (5 ) = = 00 2

=1

> andg =0 I=1,..m
k=1

19

Lagrange’s equations with constraints

Holonomic system

"~ 3f)

k=1,...n

constraint equations

fl(q1v'"vqnst)zo — 5.fl: _Cst:O — ai = =—

k=1 aq

Non-holonomic system

n
Z ai0qr + ajpdt =0
k=1

20

k Oqp.

19

20

10
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LAGRANGE vs NEWTON

Lagrange’s equations with constraints

« Newton « Lagrange
- 6 equations per rigid body - n coordinates
- Constraints appear as forces - m constraints / Lagrange multipliers

- m+n equations of motion

22

22
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\

N Coordinates
T/' " = [

“ a ‘
/ chy N \“\\l)\\\’ 0,0, s n
¢ 7 = P

) Constraints

B T

s=rcosf +lcoso

e=rsinf — lsin¢

Il
w

s=r (cosn9+ )l\cosqﬁ)
o — (nsing_ &
sin ¢ = (/\smf? l)

~1

23
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Piston engine : kinetic energy

1 . 1 .
Tl = 5 (Jl + mlcg) 92 = §J092

1 J
T, = 57’”2'1)20 + §J2¢'2

1 . P
T3 = 5?’?1382

Distribute mass at points A and B

mab maa
My = — mp = —
l [
1 - 2 1 .2 1 '2
Ty = §mA (T@) + EmBS + iJABqﬁ Jap = Jo —maab

24

24
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Piston engine : kinetic energy

ks = 2

Define ko = 9
s=r (cos@ + lcosqﬁ)

.-

A

sin ¢ = (Asin@— ?)
— =T (sin@é + % sinqﬁqi%)

cos ¢ = A cos 06

é  Acosf Acost .
e - — Sy sin@—l—@sinqb
0 cos ¢ \/1— (/\Siﬂg—%)g 0 A
1 . 1 .
T, = 5 (Jl + mlcg) 0% = EJQQQ
— 1 AR o 1 0 (1 2 1 9 1 2\ 42
T = 5™MA (r@) + MBS + 2JAB¢) = (zmAr + 2mBkS + 2JABF€¢ 0
L, 1 242
T3 = 2m33 = 2m3k39 ’s

25

Piston engine : kinetic energy

1 .
T=T+Ty+T;= 51(9)92

1(0) = Jo +mar® + (ms +mp) k2 + Japk}

Assume =0, limit to first order terms

I(0) ~ Jo + mar® + (ms +mp) r?sin® 0+ JagA2cos?d =|A— Bcos20

[(mg +mp) r? + JAB/\2]

B | —

A=J0+TTLAT2+

B = % [(mg +mB)r2 — JAB)\Q]

26

26
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Piston engine : Lagrange equations

External forces:

5Wnc:Q959:—P(SS—MT(SGI—(PR‘S—FMT)(SQ ]{IS:§— 50

d (0L oL 1 .
Lagrange equation = (%) ~ 30 = Qo L=T= 51(9)92

Ll 1dlg, dr _drds
100+ 50 = 5 g% = ~Phs = Mx it dodi
.oLdl o,
1(0)0 + 5 =507 = Pk, — My
27

27

Piston engine : Lagrange equations

Constant speed 0 = wy and P=0
- 1dI 1dI
I ——0?=—Pky—Mp —— - 2=_
(0)0 + 2d99 k T 5 75 My

Bsin20wi = — My

28

28
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Piston engine : Reaction forces

s '\ l Generalized coordinates:
r \ \ “ \\‘!‘\-\\’; T1, Y1, 22, Y2, 97 ¢1 5
A T P
f 0 ?‘e : 3

Mz s s—rcostl —lcosgp = 0= f
e—rsinf +lsing = 0= f;
xr1 —ccos = 0= f3
yp —csinf = 0= f,
To —rcosl —acosgp = 0= f5

—bsing—e = 0= fg

29

29

Piston engine : Reaction forces

1 1.
T=-m (11512 +?Jl2) + = J16?
2 2 — 0=
1 1 s—rcosf —lcosp = 0=f;
—|—§m2 (&‘522 -Hfzz) + §J2¢2 e—rsinf +lsing = 0=f;
+1m3é2 x1 —ccosl = 0=f;3
2 Y1 —csinfl = 0= f,
xo —rcosf —acos¢p = 0=f;
ry(k=1): —(mlﬂil)—zall)\z Yo —bsing—e = 0=fg
aj = o . All=0except as1 =1
8561

" mlm"l = )\3

30

30
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Piston engine : Reaction forces

— Mm1a A3 s—rcosf —lcosp = 0=f
miy, = M e—rsinf +lsing = 0=f;

Mols = s x1 —ccosl = 0=f;3

mala = Ag yp —esinf = 0= f4

xy —rcosfl —acosp = 0= f;

Yy —bsing—e = 0= f3

J16 = — My + (A + As) rsind — Aarcos@ + ¢ (Agsinf — Ay cos6)
Jop =1 (A1 sing + Ag cos @) + Asasin ¢ — Agbcos ¢

m383 = )\1 — P

31

31

Piston engine : Reaction forces

Newton’s second law : midy = Xo1 + X12 —— Az = Xo1 + X2

miys = Yo1 +Yie ——— A=Y + Yo

J16 = —Mrp + Xoiesinf — Yo ccos 8 — Xi2(r —¢)sin @ + Yi2(r — ¢) cos
J10 = —Mp + (A + As) rsin @ — Aor cos 8 + ¢ (A sinf — Ay cos 0)

—Xi2=A+ A5
Yio ==X\

—

32
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