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From SDOF to MDOF

Rigid car
Rigid car -
Flexible suspensions

1[]‘} m

g § k
Flexible suspensions = Road

irregularities

Road irregularities

Rigid wheels m

Rigid car
R
FIexib[e - K
suspensions
Rigid wheels —» m m
Flexible tires —» k
Road I 3
irregularities

MDOF systems in real life
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UNDAMPED RESPONSE
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Free response

Mi + Ka =0 {?% }:{il }Brt:wert
l 2 2

(K +7*M)p =0

Admits a non trivial solution if

det(K +1*M) =0

r? is negative (K and M are positive definite matrices)

?‘2 = *LU’Q

e (K= w?M) =0

Free response

(K—w’M)y =0
Generalized eigenvalue problem (-®»?)

det(K —w?M) =0

If the system has n degrees of freedom, there exist n values of -o? for
which this equation is satisfied. These are the n eigenvalues which
correspond to neigenfrequencies

neigen vectors \y are associated to these eigenfrequencies. They
correspond to the nmode shapes of the structure

The general solution is written in the form:
n

z(t) = Z (Zircos(wit) + Ziasin(wit)) 1;

=1
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Mode shapes orthogonality

Property : TMy; = i
OIKY; = bijpaw?
Proof :
(K = wiM) ¢ =0 i o (1)
(K —w?M) ;=0 ’ (2)

Premultiply (1) by ¢T (2) by ¥ and substract taking into account
symmetry of K ( ¥} Kv; = w}HK% Jand M (%] My = TP}HM%‘ )

e YT MW —wl) =0 i #

Y] MY =0 i #]

Mode shapes orthogonality

VT My =0 i #

Define i = Y7 Mapy ——» b Mup; = 854

Matrix notation

U=1[1¢ w2 .. ¥n]

VIME = diag(p)
VKV = diag(pw?)

10

10



CDM - VIB - MDOF

Example of a 2 DOFs system

x—l—flg X_ik); 'm0 @ 2k —k T 0
s ARERFIREE R

m X
k kx,

det(K —w?M) = det (

(K —w’M)yp=0

2%k — w?m —k
-k 2k — w?m

(2k — w?m)(2k — w?m) — k* = m*w* — 4kmw® + 3k%> = 0

wi = k/m

Second order equation in ? ———
wi = 3k/m
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Example of a 2 DOFs system

(K—WQM)¢=0 (K_sz)_[ —k 2k—w2m]

For w? = k/m

k
(2]{} — —m) Al — kAz =0
m
kAl = kAQ = Al = Ag
For w? = 3k/m

(2]@'— %m) Al —k‘AQ =0

m

—kAl = k!Ag = Al = —Ag
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Example of a 2 DOFs system

Mode 1 Mode 2

xl ;
“i = k/m d)l:{i} %S X”_i_
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Example of a 2 DOFs system

Mode 1 Mode 2
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Example of a 2 DOFs system

{ ilgg } = (Z11 coswit + Zyasinwnt) { i }+(Zz1 cos wat + Zag sin wot) { 11 }
; _

Assume the following initial conditions

{ iigg; }:{ 1ﬂgm } 21(0) = 22(0) = 0

zi(t) | %coswlt — L coswat
{ xa(t) } B ( Tcoswit + %coswgt (mm)

Resonance of MDOF systems

https://youtu.be/OaXSmPgllos 16
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https://youtu.be/OaXSmPgl1os
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Harmonic excitation

T E g
kI W CR I REIIEI R
% gkx' x(t) = Xeit

Mi+ Kx=f F(t) = Peiot

|

(K —w?M)X =F
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Example of a 2 DOFs system

xy(t) = Xyet  f(t) = Fe'!

Response to harmonic excitation
CL‘Q(If) = Xgeiwt

2k — w?m —k X, _ 0
—k 2k — w?m X, [ ) F

X, /F = k wi = k/m
! 2k — wm)? — k2| W = 3k/m Resonance
2k — wPm| s w2 = 2k/m Anti-resonance

Xo/F =
2/ (2k — w?m)? — k2
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Example of a 2 DOFs system

—k
(2k — w?m)? — k2

X,/F =

(m=1kg, k = 1N/m)

L L L s L
0 0.05 01 0.15 0.2 0.25

Frequency (Hz)
2k — w?m
Xo/F =

(2k — w?m)? — k2
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DAMPED RESPONSE

03 0.35 04 045

Anti-resonance

L L s s L L L L n
0 0.05 01 0.15 0.2 0.25 0.3 0.35 04 0.45

Frequency (Hz) 19
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Equations of motion

% l k ﬁ‘l' b =} kX2+bX2
f| 1< * .f ........
m A m
i
KPP LT mysbiii)
m X Wl T

k§_"|lib g}iTkx1+bk1
OB NEEEIRE R EIN T
Mi+Ci+ Ko = f

Damping matrix 2

21

Free response

iy (t) A rt Tt
Lo p={a o=
(K +rC+7r*M)¢ =0

Non trivial solution if
det(K 4+ rC +r*M) =0

«Complex roots of the characteristic equation
-> Oscillatory functions with exponential envelope

«Complex eigen vectors = complex modeshapes
-> Not often used in practice in vibrations
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Harmonic excitation

)T k?fb LI.I kX2+ bxz
A

Xz AE .
k?-rb x % k(x,-x2)+b(x,-x2)
kﬁb L o

Mi+Ci+Ke=f ()= Xe*! F(t) = Feit

(K +iwC —w’M) X =F
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Example of a 2 DOFs system

Response to harmonic excitation zi(t) = Xe™t  f(t) = Fe!
( ) Xgezwt
2k + 2iwb — w?m —(k + iwb) Xi 1 [0
—(k + iwb) 2k + 2iwh — w?*m Xy [ ] F
k 4 iwb
X1/F (2 + 2iwb — w?m)? — (k + iwb)?| ——» Damped resonances

|2k + 2iwb — wzml—"

(2k + 2iwb — w?m)? — (k + iwb)?

Xo/F = No strict anti-resonance
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Example of a 2 DOFs system

102 ‘
b=0.01 N/ms
101 =
Lo
< 10 / (m=1kg, k = 1N/m)
10y b=02N/ms b=0.04 N/ms
1072 ' ‘ ‘
o 0 0.1 0.2 0.3 0.4
g
® 100 f ]
& -200 :
0 0.1 0.2 0.3 0.4
Frequency(Hz) 25
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BASE EXCITATION
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Base excitation of MDOF systems

% X%
BT mMm
S o <>

k(X1 'Xo)+b(5(1 'Xo) k(X1 =X, )+b(X1-X2)

Equations of motion:
—k(z1 —@o) — b(@1 — 7o) — k(w1 — 22) — b2y — 22)

m:i'l =

mas = ]{7{{[}1 — .CEQ) + b(ﬂ?l — 5172)

Tip = T1 — T mai, + 2bxy,. — bxy,. + 2kxy, — kre, = —mIy
mas, + bz, — by, + kxs, — kry, =  —map

Lapr = Tz — &0

m 0 Ty 4 26 —b Tip " 2k —k T | ] —mdy
0 m Tor —-b b Lo -k k xor [ ] —mdy
27
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Base excitation of MDOF systems

R S S e Sty Sl putey

0 m o,

Matrix notations:

Mz, + Ca, + Kz, = —Ma

. 1 — X . $0 . 1 L .
we{amz) ae{a)e[i]eers

——— Alldevelopments for force excitation apply
28
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