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JEFGOTT ROTOR
WITHOUT DAMPING

Equivalent model

rg = xc + € cos(t)
Yo = yc + esin(Qt)

Equivalent stiffness of the shaft ?
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Equivalent stiffness of beams

BEAMTYPE ‘ SLOPE AT ENDS ‘ DEFLECTION AT ANY SECTION IN TERMS OF x MAXIMUM AND CENTER
DEFLECTION
6. Beam Simply Supported at Ends — Concentrated load P at the center
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http://home.eng.iastate.edu/~shermanp/STAT447/STAT%20Articles/Beam_Deflection Formulae.pdf

Equivalent model

rg = xc + e cos(Q) i = 1o — 02 cos(Qt)
ye = yo + esin(Qt) Yo = yo — 907 sin(Qt)

|Fy| = kyJ 2 + y2 y
o
Fio = —ky/ 2% + y3 ———— = —kac
Ve e
yc k C
Fy, = —ky/x2 +y2—=—kyc

k=48EI/L3

mic + kre = meQ? cos(Qt)

mijc + kyc = meQ? sin(Q)


http://home.eng.iastate.edu/~shermanp/STAT447/STAT%20Articles/Beam_Deflection_Formulae.pdf
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Free whirling

mic + kre =0 mic + kyc =0
ro = Xoe* yo = Yoe
(ms* + k) Xoe*t =0 wo =\ k/m (ms® 4+ k)Ype® =0

i i — iwpt —iwqt
zo(t) = Xe'ot + Xye ot yo(t) = Y1e"“"" 4+ Yoe

ze(t) = 2c(0) cos(wot) + ia?:c(O) sin(wot)  ¥e(t) = yo(0) cos(wot) + wio.@c(o) sin(wot)
Wo

Equations fully decoupled

Complex coordinates

Im

/.
o
=

re(t) = zo(t) +iye ()

mic+krc = meQ?cos(N) (1)
mic + kyc = meQ?sin(Q) (2)
— (D) +i?2)

— mre + kre = meQ2e™
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Free whirling

mic + kre = meQ2e™

rc(t) = Roe®*

—_—

Ik
s = tiy/ —
m

(ms® + k)Rpe =0

TC(t) — Rleiwoi + RQe—iwot

Forward whirl Q

©

Backward whirl

Unbalance (harmonic) response

Critical speed Q.

102 —

subcritical

supercritical

ro(t) = Roe™t

1 00 ------------------------------------ —
S (—mQ? + k) Ry = me?
4 0_2 Disc rotates Disc rotates around
around center of mass (self-
geometrical centering effect) 02
center Ry=¢
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Asymptotic high rotation speed response

High rotating speed

N>>0., —— Ry=-¢

ro(t) = Roe™t —— ro(t) = —&(cos QU + i sin Q)
Tc(t) = xc(t) + ’iyc(t)
c(t) = —e cos(Q2)
yo(t) = —esin(Q)

I

re = xc + £ cos(§t) (o B Disk rotates around
— |z ye) = (0,0) :
Yo = yo + esin(Qt) center of gravity
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Estimation of the critical speed

* When both the mass and static stiffness are known: Q. = \/k/m
* Measure the free response to a hammer test

* Measure the static deflection & = mg/y,

* Rotate the shaft and increase speed (dangerous)

L2 T

e

12
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Estimation of the critical speed

JEFGOTT ROTOR WITH
VISCOUS DAMPING
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Damping models

Non-rotating damping

e

Rotating damping

Fy

}--ef

F

15

Tc
Vo

1y

|

Translation

v

Rotation
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Jefcott rotor with damping

Express rotation damping in fixed frame :

bR ) R
i fomlie e} w

cos ()

R sin(Qt) }

cos(£2t)

|
_g{

— sin(§2t)

cos(§2t)
— cos(§2t) }

— sin(Qt)

e = cos() e + sin(Qt)ye — Qsin(Q)ze + Q cos(2)ye
o = —sin(Qt)io + cos(Q)ye — Q cos(Qt) — Qsin(Q)yo
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Damping models

w-{E )]
Ecos(Qt):itc +sin(Qt)je — Qsin(Q)ze + Qeos(Q)ye)

—sin(Q)zo + cos(Q) o — Qcos()ze — Qsin(Q)ye)

F, = F, cos(t) — F, sin(2t)
F, = F, sin(Qt) + F, cos(§2t)

icr

F.
F

_CT-

F, = —c, (iC + ch)
Fy = —Cp (yC - QCEC)

A S [N (IO PR - o
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Jefcott rotor with damping

(First line) + i (Second line)
ro=xc +iyc

12t

—— mitc + (e + cn)ie + (k — ic,Q)re = meQ’e

L,

Complex stiffness
= negative damping
Rotating damping has fow effects:

1. dissipating energy
2. tfransferring energy from the rotation of the system to its vibration

— Possibility of instability

18
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Jefcott rotor with damping : free whirling

re =ree’t  —— ms>+ (e +en)s+k—iQe. =0

s tiw _rTCn i\/(cr+cn)2—4m(k—chT)
2m 4Am2

re = RyelftTwit 4 R eloativa)t

(et ) —4Amk

a =-I
2 2 /2 3 _ 4m?2
VaT et [ Yettitae Bl Vet —a Q
2 b 2 p— Cr
o m

I | Qe \* 1 Qe \
= +—y[y/T2+ (=) -T = dsgn(Q)——=4|1/I2 + [ == r
a1 2 ﬂ\J + ( ) w12 sgn( )\/5 + - +
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Complex poles and stability

Complex pole of the system One DOF system impulse response
efgwnt )
Ima h(t) = — sin(wqt)
A o*é-wn
B Pole-residue model in the time domain is :
Wy Instability
IO

h(t) = ReM + R*eM'?

»
»

Re A= —Ew, + Jwg

Instability occurs when pole crosses the imaginary axis (negative damping)

20

20
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Jefcott rotor with damping : stability

1 Qe \° Damped frequency depends on
=4+ Q)— T2 — T
w2 sgnl )ﬁd * ( ) * rotation speed

S T L\J . (Q_Cr) . r Decay rate depends on rotation speed
’ 2m V2
k Cn
The system is stable (0,<0) if |2 < E(l + c—)
™

21
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Jefcott rotor with damping : free whirling

Campbell diagram Decay rate plot
. & =02 s & =02
—_—, = 0.01 —_&, =0.01 Uns’roble
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F—¢&.=0.2 g y
Forward whirl of
05} 2 .
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g &) 0.4 m C'P“
03T Backward whirl 0.6}
1 -0.8
Ak . , \ , , , A . . . , , ;
0 05 1 15 2 25 3 0 05 1 15 2 25 3
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For increasing rotation speed, the forward whirl becomes

unstable after a certain rotation speed ! ”
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Jefcott rotor with damping : root locus
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151 & g
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Jefcott rotor with damping : unbalance response

mic + (¢, + cp)re + (k—ic, Q)re = meQ2e M ro = Roe'!

Ro(—mQ? +iQc, + k) = meQ?

— Only translation damping

0

50 F

-100 f

phase(deg)

-150
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Q(md/e)
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Interpretation of harmonic response

ro(t) = Roe™" = (R, 4+ iR;)(cos(Qt) 4 isin(0t))

= (R, cos(2t) — R;sin(Qt)) + i (R; cos(Qt) + R, sin(2t))

zc(t) = Ry cos(2t) — R; sin(Qt) ye(t) = R;cos(Qt) + R, sin(2¢)

¢ = tan~! (&)
zo(t) = R, cos(Q2 + ¢) R,
yo(t) = R, sin(Q + ¢) Teire = \) R2 + R?

Trajectory is always a circle

25
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Interpretation of harmonic response

Near resonance
&n = 0.2

Before resonance After resonance

C and G rotate in the same direction as the shaft

26
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SUMMARY

27
Jefcott rotor summary

« Rotation speed is critical when it corresponds to a resonance

« Without damping: the resonances do not depend on the rotation frequency

« With rotating damping: resonances depend on rotation and one pole becomes
unstable for high rotation speed

« For the unbalance response, it is only the non-rotating damping which limits the
amplitude at resonance

28
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