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Sampling and aliasing

Fourier transform of the continuous signal

\ at

\

A

Additional signal due to sampling

f2 N f f

S

Part of the additional signal ‘falls back’ on the frequency band of interest.
The frequency of the fourth resonance is wrong due to aliasing 3

Anti-aliasing filters

Effect of Equally spaced Dirac pulses

anti-aliasing filter
g / 1/At

1/At
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ESTIMATING FRFs

Measuring FRFs

fit)
(thammer, shaker
+ force sensor) =
x(t)
(accelerometer, laser, ...)
X(w
H(w) = Xw) | 5
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Types of excitation signals

v‘ /\ /\ / Periodic
v U

f(t)

Transient

Random

PERIODIC SIGNALS
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Periodic excitation

Mechanical
fH — system —> x(t)

Both signals have a period T —— Discrete Fourier Transform

n=o00 . 1 T
z(t) = Z X, et X = —/ x(t)e ""otdt
n=—oo T 0
n=00 . 1 T .
f(t) = nzz_m Fe™ot  F, = ?/0 f(t)e oty
X, . . . .
— H,=— Defined at discrete frequencies multiples of @,

n

In practice, signals are sampled @ integral — sum
frequency interval : [0 f,/2] 0

Periodic signals and averaging : examples

n

‘5[ £ =S coslunt + )
k=1 N/m k LI" e Periodic input signal =0

m= 1kg wo = 0.1rad/s, T = 62.83s
b =0.05Ns/m m

f

f

n=64, random phases

401 Transient T
>
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t t
Output signal is periodic after transient 10
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Periodic signals and averaging: examples

T Signals sampled with At=T/128 T
» (n=128 samples) @
15 30
1 Discrete Fourier Transform e
5 9 ="
T sz——01md/s ’
5 10
o Wmaz = 128 % 0.1rad/s “
A 3o‘ AR _ 12,87‘@({,/8 ) :o‘ P
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In reality, signals are noisy. Better estimates are obtained using averaging.
In order to do that, signals are measured over several periods.

FRF measured over period /

12
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13

Periodic signals and averaging : examples

|X/F|

One period

Frequency (rad/s)

Noise
added on
the output

—

|X/F|

Average over 15 periods

Effect of bad synchronization : leakage

2 3
Frequency (rad/s)

o
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T

a [ 8
a [ 8
a [ 8

No leakage

Small leakage

Large leakage

14



Vibration testing part Il

Decreasing leakage

The signal is multiplied by a windowing function also called window
before the Fourier Transform

T T

Window types

Rectangular (boxcar)
window

| Hanning window

Cosine-taper (Tukey)
window
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Effect on leakage

No window (rectangle)

0
150
"
; III I
N | [T

ooooooo

Hanning

Tukey (cosine tapper)

TRANSIENT SIGNALS
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Transient signals

H Impulse ©
R I\ /w n Chirp
Ln Sine burst v U U u
N

fit)

f(t)

fit)

19
19

Transient signals

I |

A
} N N Signals limited in time
— . t * Repeated over several periods
* Same processing as periodic signals
(DFT + averaging)
\ alln Aln

““HHMJ{' l““lllmln,
S A IR
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Transient signals : impulse response

k=1 N/m
m=1kg F Impulse=FAt
Kk b
b =0.05Ns/m I'|"
m
T At t
f
e FRF computed using DFT
10!
0.1
0.05 100
£ o g
0.05 10
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t Frequency(rad/s)
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Transient signals : impulse response and noise

;
Noise on the output o8
AO‘B
% 04 Exponential window
V 0.2
-0.1
OIS T 20 a0 400 soo oo % 10 200 300 400 500 600
Time(s) Time(s)
0.15
0.1
0.05
g
S0
E
-0.05
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-0.15
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Time(s)
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Transient signals : impulse response and noise

No window Exponential window

102 102

[X/F)

0 1 2 3 4 5
Frequency(rad/s) Frequency(rad/s)
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Transient signals : impulse response and noise

Force sensor measurement Force window
1.2 1.2
1 1 T
0.8 0.8
flt) . w(t),,
0.4 0.4
s Noise after impact 0
O-M 0 >

24

24



Vibration testing part Il

Transient signals : impulse response and noise

Hanning window

1

0.8

0.6
H

0.4

0.2

')

] 100 200 300 400 500 600 0 100 200 300 400 500 80D
Time(s) Time(s)

FRF computed using DFT

0 100 200 300 400 500 600 0 1 2 3 4 5
Time(s) Frequency(rad/s)

Hanning should never be used with impulse excitations !
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RANDOM SIGNALS
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Random signals : definitions

The Autocorrelation and Cross-correlation functions

Ryy(r) = E[f(t) f(t +7)]
Ry, (1) = Elz(t) f(t + )] Expected (average) value
R:I: T)=F xT T 00

xig’f‘% = EH((Q m((g -—:: 7-;]] Elz(t)] = /;oo x(t)dt

The Power Spectral Density and Cross Spectral Density

o0

1 —iwWT 1 - — T
Siplw) = %/ Ryg(T)e dr Sep(w) = %f Ryp(T)e dr

1o _ | ‘
Sf&’:(w} = %/‘ Rfm('r}e—m“fdg— Sxx(w) = g/‘ Rxm(,r)e—zwfrd?_

Random signals : definitions

k=1N/m 3 I b
k
m=1kg ITI

b =0.05Ns/m m

0 500 1000 1500

Output is random (no periodicity ...)

o 500 1000 1500
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Random signals : definitions

2
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t
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Random signals : FRF estimation

1 oo —iwT 1 = — W
Spf(w) = ﬂf Rygp(T)e dr Sap(w) = %/ Ryf(T)e dr

1 _ L= _
Sfac(w) = %f fo(”r)e—thdT wa(w) = gf me(,;,.)e—twrd,r

| Duhamel’s integral

z(t)= [ [(Ph(t—7)dr = f(t) % h(t)

Sealw) = H'(w)Spa(w) - Spa(w)
Spalw) = H()Sys(w) M) = 5w — 1
Sral) = 8y ) Sealw)
Sex(w) = [H(@)["Sr(w) Hw) =5 @) ~ W)

Coherence function

20y~ Hiw) _ |Spa(@)
T= Hy(w) — Spr(w)Sea(w) 30
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Random signals : FRF estimation

_ Spa(w)
FRF estimates Syr(w)
Sz (w) -
H(UJ) - Sn:f(w) = Hz(w)
w L2(w)]?
Conerence |20 g < 5

» Coherence=1if measurement is perfect.

* Coherence usually drops :
+ around eigenfrequencies
* when measurements are very noisy
* when the structure is non-linear

Random signals : PSD estimation

H, Estimator

=
"
o
IX/F]
SU

m 101
f
f _—> 1 2 3 4 5
1 ‘yﬂr'*
0.8
Hanning window used to reduce leakage
(signal is not periodic !) S
04 Coherence
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Random signals : PSD estimation

1

S:r:a.“(w) = Ef erx('r)e_indT

Ry (1) = Elx(t) z(t + 7)]

Elz(t)z(t+7)] = foo () z(t 4+ 7)dt = z(t) * 2(—t)

In the same way :
Spp(w) = F(w) F*(w)
Sur(w) = X(@)F* (w)

These FRF estimates can be computed for any type of signal,
including random signals, impulse excitation, ...
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