Vibrations : Reduction to SDOF systems
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Vibrations : Reduction to SDOF systems

Portal frame
Rigid floor
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X = Rigid floor
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‘ \ | Flexible columns K ‘/

‘\‘ ‘\‘ Ground motion \

<l—> :.; Flexible columns

Ground motion

-Equivalent stiffness?
-Equivalent mass ?

-Validity (frequency band) ?

Equivalent stiffness computation
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General principle :

Flexible
body

Direction
of motion

F in the direction of excitation
(and motion) of the mass
Computation :- simplified model

- numerical approximation (finite elements)



Vibrations : Reduction to SDOF systems

Equivalent stiffness : bar in traction
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Constitutive equation: 0 = Fe, = E dg: ) Stress is constant
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Static equilibrium
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Equivalent stiffness : bending cantilever beam
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Vibrations : Reduction to SDOF systems

Equivalent stiffness of beams

Equivalent stiffness of beams in bending can be computed using formulas
from resistance of materials or using tables :

BEAM TYPE | SLOPE AT FREE END | DEFLECTION AT ANY SECTION IN TERMS OF x | MAXIVMUM DEFLECTION
1. Cantilever Beam — Concentrated load P at the free end
P : PP Py PP
5 p=f y=(31-1) Bam =377
y . 2EI 6EI 3EI
S —
2. Cantilever Beam — Concentrated load P at any pomt
Pl b Py’
2 } x i y= id (3a—x) for O<x<a 4
Pa 6E] Pa
L] 5 9=ﬁ P ﬁm‘=@(3.’—a)

¥ ) \_rﬂ‘ y:égl(ix—a) for a<x<l

http://home.eng.iastate.edu/~shermanp/STAT447/STAT%20Articles/Beam_Deflection Formulae.pdf

Equivalent stiffness of beams

BEAM TYPE SLOPE AT ENDS DEFLECTION AT ANY SECTION IN TERMS OF x MAXIMUM AND CENTER
DEFLECTION

6. Beam Simply Supported at Ends — Concentrated load P at the center

16 Px 1 2 3
w B, 8,=8,= Lil y:i[i—fJ for 0<x<i 5 =
Iy ; T 16E1 12EI\ 4 2 os = Je T

7. Beam Simply Supported at Ends — Concentrated load P at any point

Pbx ¢ 5 2 b) 32
r 2 _pt p=——|I"—x"=&" | for 0<x<a 2 _p?
o s _PR(P-BY) r=omrl ) P5(I" -5 ———
N 13 " *5 - T e Pb r B T (=5)f3

2 2 2 3
N max Pab(2i—b) V=E=— —(x—a) +(‘r L }x—x }
Jb\;_ﬁf O =— 6IEI| b 5=P_5(312_4bz} at the center. if a> b
"—’J 48ET

for a<x<i

http://home.eng.iastate.edu/~shermanp/STAT447/STAT%20Articles/Beam_Deflection_Formulae.pdf



http://home.eng.iastate.edu/~shermanp/STAT447/STAT%20Articles/Beam_Deflection_Formulae.pdf
http://home.eng.iastate.edu/~shermanp/STAT447/STAT%20Articles/Beam_Deflection_Formulae.pdf
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Portal frame example
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Portal frame example

@ Beam fixed at one end and free but guided at the other end

Concentrated load at guided end
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https://www.sprecace.com/node/43

Vibrations : Reduction to SDOF systems

Equivalent mass : energy method

Kinetic energy of a mass-spring system

1
E. = imvz
Example 1:
T k
v(x) = ’U(L)E
p=mg/L

m
m

2

Kinetic energy of the spring

L 2
_: ms 2", _ L 2 Additional mass
E. = 2./0 7 v(L) derﬂ = Q@U(L)
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Equivalent mass : energy method

1
Kinetic energy of a mass-spring system E}, = imv2
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Example 2
k=EA/L
EA p L —» EAp »
| u(z) = ;43; Ea
[m] @)=l il

F F

Kinetic energy of the bar

1 [k 72 1
E, = —/ pAv(L)* 5dr = (L)* Additional mass m
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Vibrations : Reduction to SDOF systems

Limits of the approximation
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m=100 kg, E =210 GPa, Continuous model
p=7800 kg/m3, L=1m;
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Limits of the approximation

k=EA/L=8410"N/m == f=14587Hz (mass M)
M =100 kg

m, = pAL/3 = 1.04 kg <<M b f =14511Hz (mass M+m,)

model 2 model 1
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/ model 2 Frequency(Hz)

N Exac SDOF hypothesis not

valid for frequencies >
2000 Hz
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Vibrations : Reduction to SDOF systems

Limits of the approximation

k=EA/L=8410"N/m  www» f=14587Hz (massM)

M =100 kg
Multiply mass m, = pAL/3 = 10.4 kg <M wp f=138.83 Hz (mass M+m,)
of bar by 10 4+ ®*t  m, should be taken into account
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valid for frequencies
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Approach for continuous systems

|
O

_ Displacement of the beam
wi@) = &()-f(@) (first mode shape approximation)

£(t) displacement at a reference point x = £
f(x) shape of the first mode shape of the beam with f(z =¢) =1
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Approach for continuous systems
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Approach for continuous systems

mé + ke =

~ ET1
m = ¢upL
p=¢rpL
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Example of a building
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Figure A.9: Equivalen: substitute SDOF parameiers for single span beams
with various support and load conditions (see explanation in the text)

Vibration problems in structures, H. Bachman, 1995
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Collocated transfer function
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Finite element approach

Mi+Cr+Kx=f
T =1z (t) Single mode approximation

O Mg + 7 Cidi + 9 Kz = 9] F

pidi + 2wz + pawy 2 = F

Particular case of a point
load at reference

f posifion
l z(§) = Yi(§z(t)
K 3 Fi=1i(8)f
S

Hi - Z#iwzfi : ,Uuz'wf _ Equation of motion projected
€+ —5~ (§)+¢f(€)$(§) f

7#’32(‘5) z in the modal domain

Position dependent scaling 2
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Building mode shapes

Mode 1(0.24 Hz) Mode 3 (0.40 Hz) Mode 5 (0.89 Hz)
Mode 2 (0.27 Hz) Mode 4 (0.79 Hz)

Mode shapes are generally ‘mass normalized: i =1 ”

22

11
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Exemple of a building

. .

Meqa(§) + Cequ(§) + Kegu(§) = f

i 2pwi&; piw?
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Example of a building
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