Vibrations : MDOF systems

MDOF SYSTEMS

MDOF SYSTEMS IN
REAL LIFE




Vibrations : MDOF systems

From SDOF to MDOF
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Vibrations : MDOF systems

UNDAMPED RESPONSE
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Vibrations : MDOF systems

Free response

Mi + Ka =0 {?% }:{il }Brt:wert
l 2 2

(K +7*M)p =0
Admits a non trivial solution if
det(K +1*M) =0

r? is negative (K and M are positive definite matrices)

?‘2 = *LU’Q

e (K= w?M) =0

Free response

(K—w’M)y =0
Generalized eigenvalue problem (-®»?)

det(K —w?M) =0

If the system has n degrees of freedom, there exist n values of -o? for
which this equation is satisfied. These are the n eigenvalues which
correspond to neigenfrequencies

neigen vectors \y are associated to these eigenfrequencies. They
correspond to the nmode shapes of the structure

The general solution is written in the form:
n

z(t) = Z (Zircos(wit) + Ziasin(wit)) 1;

=1



Vibrations : MDOF systems

Mode shapes orthogonality

Property : TMy; = i
OIKY; = bijpaw?
Proof :
(K = wiM) ¢ =0 i o (1)
(K —w?M) ;=0 ’ (2)

Premultiply (1) by ¢T (2) by ¥ and substract taking into account
symmetry of K ( ¥} Kv; = w}HK% Jand M (%] My = TP}HM%' )

e YT MW —wl) =0 i #

Y] MY =0 i #]

Mode shapes orthogonality

UMy =0 i #]
Define j1i = F Mipy —— O] Mub; = 651,

Kip; = w; Map; ——> YT Kby = 6w}

Matrix notation

U=1[1¢ w2 .. ¥n]

VIME = diag(p)
VKV = diag(pw?)
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Vibrations : MDOF systems

Example of a 2 DOFs system

x—l—flg X_ik); 'm0 @ 2k —k T 0
s ARERFIREE R

m X
k kx,

det(K —w?M) = det (

(K —w’M)yp=0

2%k — w?m —k
-k 2k — w?m

(2k — w?m)(2k — w?m) — k* = m*w* — 4kmw® + 3k%> = 0

wi = k/m

Second order equation in ? ———
wi = 3k/m

11
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Example of a 2 DOFs system

(K_WQM)be:O (K_MZM)_[ —k 2k‘—w2m]

For w? = k/m

k
(2]{} — —m) Al — k‘Az =0
m
kAl = kAQ = Al = Ag
For w? = 3k/m
(Qk— %m) Al — k‘AQ =0

m

—kAl = k!Ag = Al = —AQ

12
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Vibrations : MDOF systems

Example of a 2 DOFs system

Mode 1 Mode 2

xl ;
wi = k/m d)l:{i} % LS X”_i_
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Example of a 2 DOFs system

Mode 1 Mode 2
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Vibrations : MDOF systems

Example of a 2 DOFs system

{ ilgg } = (Z11 coswit + Zyasinwnt) { i }+(Zz1 cos wat + Zag sin wot) { 11 }
; _

Assume the following initial conditions
z(0) L _ [ 0 4i1(0) = 42(0) = 0
{mg(O)}_{lmm} 1(0) 2(0)

. { 2%3 }_ ( %lcoswltf %COSWgt )(mm)

gcoswit + 5coswal

Resonance of MDOF systems

https://youtu.be/OaXSmPgllos 16
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https://youtu.be/OaXSmPgl1os

Vibrations : MDOF systems

Harmonic excitation

T E g
kI W CR I REIIEI R
% gkx' x(t) = Xeit

Mi+ Kx=f F(t) = Peiot

|

K—w’M)X =F
(

17
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Example of a 2 DOFs system

xy(t) = Xyet  f(t) = Fe'!

Response to harmonic excitation
CL‘Q(If) = Xngwt

2k — w?m —k X, _ 0
—k 2k — w?m X, [ ) F

X, /F = k wi = k/m
! 2k — wm)? — k2| W = 3k/m Resonance
2k — wPm| s w2 = 2k/m Anti-resonance

X/ = (2k — w?m)? — k2

18
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Vibrations : MDOF systems

Example of a 2 DOFs system

—k
(2k — w?m)? — k2

X,/F =

(m=1kg, k = 1N/m)

L L L s L L L N s
0 0.05 01 0.15 0.2 0.25 03 0.35 04 045

Frequency (Hz)

2k — w?m
(2k — w?m)? — k2

Xo/F =

Anti-resonance

L L s s L L L L n
0 0.05 01 0.15 0.2 0.25 0.3 0.35 04 0.45

19
Frequency (Hz)

19

Projection in the modal basis

Mi+Kx=F

Projection in the modal basis

o(t) =Y z(t); s =Tz

i=1

MU:; + KUz = F
UTMUs: + 0T KOy = 0T F
diag(w)% + diag(pw?)z = VT F

n independent equations of the type

| Widi iz = F;

20

20
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Vibrations : MDOF systems

Projection in the modal basis

1

2(t) = 3 zlth

=1

The solution can be obtained by solving a set of n independent equations of the type

pii + w2 = F

This equation corresponds to the equation of motion of a sdof system with
e a mass j;, called the modal mass

e a stiffness p;w?
e a natural frequency w; = 27 f;

e a force F; = )] F' (modal excitation)

21

21

Harmonic excitation : modal basis solution

2i(t) = Z;e™? X(w) =) Ziwti oo X=0Z
=1

(VTKW — 0T MW) Z = UTF

pwt 0 L 0 w0 .. 0 VA YT F
0 ;,sz% 0 _ w2 0 H2 0 ZQ _ ‘l,br‘zpF
0 0 o ppw? 0 0 .. pup Zn Pl p
T 1 . .
Zijw)=v¢; F 5 5 sdof oscillator solution
pi(wi — w?)

22

22
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Vibrations : MDOF systems

Harmonic excitation : modal basis solution

The solution is the sum of sdof oscillators :

74

1zl

23

23

A I I | 0ol _ [ F B 1
vV AR (S | s
—1
F=1 22
2m(3k — w?) "

24
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Vibrations : MDOF systems

Example of a 2 DOFs system

o (38} ()

- 2m(E — w?)

10° ¢ f1 f2

Contribution of

-1
2m(% —w?) { -1

Contribution of

)

—k

X,/F =

1
Mode 1 !
(phase) ) I )
0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45
ar
Mode2 [[TTT TTTTTTTTTTTTTTTTTT !
(phase) 2 !
1
0 . . L . P - . .
0 0.05 0.1 0.15 0.2 0.25 0.3 035 04 0.45

Frequency (Hz)

25

(2k — w?m)? — k2

(m=1kg, k = 1N/m)

25

Example of a 2 DOFs system

= {350} w0} o o)

10° ¢ f1 f2
10° Phase
Contribution of opposite
10" b mode 1 Contribution of

mode 2

2k — w?m

Xo/F =

(m=1kg, k = 1N/m)

1
Mode 1 2f \
hese) | |
0 0.05 0.1 0.15 0.2 0.25 03 0.35 0.4 045
ar
Mode 2 [
(phase)  2[ :
0 —_ L 1 1 T B L L )
0 0.05 0.1 015 0.2 0.25 03 035 04 045

Frequency (Hz)

26

(2k — w?m)? — k2

26
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Vibrations : MDOF systems

DAMPED RESPONSE

Equations of motion

Xl kﬁlb 28] kX2+bX2
f) . o P
V& Iif
m 2 m
L
ST S Db

n SR

m

KR E R [Q’Z a7
Mi+Cli + Ko = f

Damping matrix 2

28
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Vibrations : MDOF systems

Free response

R G
(K+TC’+T2M)¢=O

Non trivial solution if
det(K 4+ rC +r*M) =0

«Complex roots of the characteristic equation
-> Oscillatory functions with exponential envelope

«Complex eigen vectors = complex modeshapes
-> Not often used in practice in vibrations

29

29

Projection in the basis of the real mode shapes

Mode shapes of the conservative system :

(K —w?M) =0

Projection on the real modal basis:

n

Mi+Ci+ Kx=F 2(t) =Yzt o z=Tz

1=1

VT ME +UTCW: + WKz = UTF

In general ¥TCT is not diagonal and the equations remain coupled but ...

30

30
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Vibrations : MDOF systems

Projection in the basis of the real mode shapes

Rayleigh damping:
C=aK+ M

e TV = U7 (oK + AM)V = diag(oyguiw? + Bu;)

Often used as a simplifying assumption to decouple the equations but
does not have a physical meaning

Modal damping
When damping is small, off-diagonal terms can be neglected leading to:

2[_14161&)1 0 0
\IJTC\II _ 0 2[.1;2:‘;:20;.)2 0
0 0 e 2nEnn

£; is the modal damping of mode i s1

31

Projection in the basis of the real mode shapes

diag(p)i + diag(2&piw; ) + diag(pw; )z = OTF

n independent equations of the type

This equation corresponds to the equation of motion of a sdof system

with 4 o mass i, called the modal mass

a stiffness p;w?

a damping coefficient &;

a natural frequency w; = 2n f;

a force F; = ¢I'F (modal excitation) .

32

16



Vibrations : MDOF systems

Link between Rayleigh and modal damping

. . 1
diag(opiw] + Bpi) = diag(2ipwi) = ¢ = 5 (aw@ + E)

Wy

Rayleigh damping  Modal damping

0.35
0.3

0.25

o, , , o, 50

«Only two parameters to define the damping of all modes
->Overestimation at low and high frequencies
->Represents accurately the damping of two modes only 33

33

Harmonic excitation

St S

ml X2 :nl f ........
SE0 SL T ysbtioi
STREKT
m
kﬁb 3L P+,
Mi+Ci+ Kze=f x(t) = Xe? f(t) = Fewt

(K +iwC —w’M)X =F

34
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Vibrations : MDOF systems

Example of a 2 DOFs system

Response fo harmonic excitation  21(t) = X1e™t  f(t) = Fe™'
iEg(t) = Xgeiwt

2k + 2iwb — w?m —(k + iwb) X1l [0
—(k + iwb) 2k + 2iwb — w?m Xo [ | F

X\ /F = k + iwb
V5T 2k + 2iwb — w?m)? — (k + iwb)?] ——p Damped resonances
2k + 2iwb — w? |—>
Xo/F = (2k + 2ivb — w*m No strict anti-resonance

(2k + 2iwb — w?m)? — (k + iwb)?

35

35

Example of a 2 DOFs system

10? ‘
b=0.01 N/ms
1 /

10 ¢
L0
1078 / (m=1kg, k = 1N/m)

107" ¢ b=0.2 N/ms b=0.04 N/ms

102 ' ‘ ‘
S o 0.1 0.2 0.3 0.4
2
@ -100 ]
& -200 :

0 0.1 0.2 0.3 04
Frequency(Hz) 36

36
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Vibrations : MDOF systems

Harmonic excitation : modal basis solution

(K +iwC —w*M) X = F
n
Projection on modal basis X (w) = Z Ziw)y, X =UZ
Jj=1

(VT KW+ iwdT OV — 20T MU) Z = U7 F

Modal damping hypothesis (small damping)
2 2 :
(wy —w™ + 20 ww; ) 24 = 1
13 (] §i0w;) 2, J n decoupled
YT F equations
Zj(w) = ;

I (w? — w? + 2i€ww;)

mn

T .
¥ =3
j=1

j(wjz_ — w2+ 2i§jwwj) Sum of damped sdof oscillators

37

37

Harmonic excitation : modal basis solution

The solution is the sum of damped sdof oscillators :

. T Fy;
X(w) = 1 ,
«) ; pj (W2 — w? + 20 ww;)
3!
+ £2 + ...
1| 1Z:| ‘/\
f, f f, f

38

38
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Vibrations : MDOF systems

Example of a 2 DOFs system

XI 5]: ;I kx,+bx
flk LlJb ITIHf ’
Lm St f

X,

m
R . %LJ,-J {k(x1"xz)+b().(1').(2)
xRt

m
ST B flcen

R A L i e Rl

Mi+Ci+ Kr=f

/)

39

39

Example of a 2 DOFs system : projection in the modal basis

XI 5]: ;I kx,+bx
flk LlJb ITIHf ’
Lm St f

X,

m
R . %LJ,-J {k(x1"xz)+b().(1').(2)
xRt

m
CSPP E ek

s 1 1 7[2 b7[1 1] _[26 0
1I’C‘I’—LqH—b 25“1—1]_[0 6b}

£ = b
' 2vV'km
3b Modal damping coefficients
§o = L =3¢
2V km 40

40
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Vibrations : MDOF systems

Example of a 2 DOFs system

10? ‘
£=0.5%

£=0.9%
£=2%

= k=1 N/m, m=1kg,
2\1 10°
b=0.01 N/ms
10! b=0.04 N/ms
b=0.2 N/ms
1072 ‘ ‘ ‘
0 0.1 0.2 0.3 0.4

Frequency(Hz)

41

41

Example of a 2 DOFs system

Mode 1 Mode 2

x] ; . ¢_§_

XS

m The second mode is more damped
i because in the first mode, the dashpot
X

between masses 1 and 2 is not
dissipating energy

E
2 =

42

42

21



Vibrations : MDOF systems

Validity of modal damping hypothesis

k?ll:b {LL LK(X,-X,)+b(X,-X,)
Slo Bl
vee=|y L)15 w0 Al=[S 5

Neglect off-diagonal terms 7O = { 8 50 }

> <—

3

o

5
£1=4\/% 52—351 “

43

Validity of modal damping hypothesis

102
k=1 N/m, m=1kg,
1
10 b=0.01 N/ms
™ b=0.04 N/ms
¥ 10° b=0.2 N/ms
4 £=14.4% __, Modal damping
10 hypothesis is valid
when damping is small
102 " (£<10%), and away from
. ahi e = o anti-resonance

Frequency(Hz)
Comparison of exact (dotted line) and modal damping responses “

44
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Vibrations : MDOF systems

Impulse response

w(t) =Y zi(t) mwt  Z,

i=1 F
_EAw,t /'1/1 —> LR ]
e tivi |

(t) = Fihi(t) = F; in(wat
zi(t) = Fihi(t) = F; o sin(wa;it) Qs
k=1 N/m, m=1kg,
b=0.04 N/ms
5 . +_ " = _w
o 50 100 Ti:r:](s) 200 250 300 o s0 100 Ti:;n[s) 200 250 300 Yo s 10 Ti;s;s) 200 250 300
Higher frequency modes disappear faster in the impulse response 45
45
Impulse response
1
0.5 ] k=1 N/m, m=1kg,
= 0 I \ll.i:‘I""‘|:|‘|“|l,!,",l‘l,l‘J“ LAATLAAANAT INALAAART b=0.01N/ms
< e LA b=0.04 N/ms
b=0.2 N/ms
-0.5
-1 . : . " .
0 50 100 150 200 250 300
Time(s)
The impulse response decays faster with a higher damping. 46
46

23



Vibrations : MDOF systems

Harmonic excitation below resonance

f(t) = sin(wt) h(t)
04 w = 03 w1
= * E02
k=1 N/m, m=1kg,
' o4 b=0.04 N/ms

-0.6
0 50 100 150 200 250 300

) 100 200 300 400 500
t Time(s)
X | Transient Steady-state
k%LIJIb regime aqy
fy L P regime
*Im
0.5
k = _
T° 2
m
-0.5
ki%b
. 0 100 200 300 400 500 47

t

47

Harmonic excitation between the two resonance frequencies

w— w1 + w2
* u‘z - 2

k=1 N/m, m=1kg,
b=0.04 N/ms

h(t)

08
0 50 100 150 200 250 300
t Time(s)

Transient
X .
I " k;T‘I b w5 F€9ime Steady-state
*Im

; regime

05
k LlJb = 2
=~ 0
x
-1
k<sib .
0 50 100 150 200 250 300 350 48

t

48



Vibrations : MDOF systems

Harmonic excitation above the two resonance frequencies

w=1.2 w2
g * o
) k=1 N/m, m=1kg,
b=0.04 N/ms
[} 50 1(‘)0 5 0 50 i:::(s) 30
X Transient
_l_flk Ll-lb 1sp regime Steady-state
- [ regime
m

49
49
Sine sweep excitation
h(t)
.
k=1N/m, m=1kg,
04 b=0.04 N/ms
L] 50 100 Ti;;‘n:(s) 200 250 300
Resonances
10 / \
= of, ++*
T 1 15 2 25
' Freq(re;d/s) . 50
50
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Vibrations : MDOF systems

BASE EXCITATION

Base excitation of MDOF systems

52

Xo X1 X2
BT m M m
- <>

k(X1 'Xo)+b().(1 'Xo) k(X1 =X, )+b(5(1'5(2)

Equations of motion:
—k(x1 — x0) — b(z1 — 2o) — k(w1 — 2) — b(1 — 22)

m.’l’:‘-]_ =

m.ﬁﬁ"'z = k(a:l - Cl’)z) + b(ﬁ?l - 272)

Ti. =T — To mxi, + 2bxy, — bxs, + 2kxy, — kxer, = —may
= —mﬂi‘.g

Tapr = T2 — Xo mmér + me'r - bmlr + km2r - kmlr

KA T A et A [ o i

Tor

|

52
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Vibrations : MDOF systems

Base excitation of MDOF systems

KRS R B o A KU S iy

Matrix notations:

Mz, + Ca, + Kz, = —Ma,

SEINHIEE

—— " Alldevelopments for force excitation apply

53

53

Santa Cruz earthquake (1990)

f(t) = —may h(t)
2 ‘ 004 k=1kN/m, m=1kg,
S ! * 002 }‘]
$ 0 *WWW”'“ . s o0 il|| ‘|"\n.-‘ b=2 N/ms
Xy X X, . Relo‘rl\(/jeﬂmohon of  J1=311Hz
\ % 002 seconaioon fa=8.14Hz
— M M = N\\H ‘”“w "
| % o0 \ L & = 1.95%
5% '1 “ €5 = 5.12%
R 10 20 30 40 50 54

t

54
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